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SRB MEASURES FOR HIGHER DIMENSIONAL SINGULAR 
PARTIALLY HYPERBOLIC ATTRACTORS 

RENAUD LEPLAIDEUR AND DAWEI YANG 


Abstract. We prove the existence and the uniqueness of the SRB measure for 
any singular hyperbolic attractor in dimension d > 3. The proof does not use 
Poincare sectional maps, but uses basic properties of thermodynamical formalism. 


1. Introduction 


1.1. Background. Our aim is to prove that any finite dimensional singular partially 
hyperbolic attractor admits a unique SRB measure. 

SRB stands for Sinai, Ruelle and Bowen who established in the 70’s the theory of 
thermodynamical formalism and proved the existence and the uniqueness of some 
special measures for Anosov systems and Axiom A attractors (diffeomorphisms or 
flows), see e.g. [21,13, 20J. 

SRB measures usually satisfy the two following properties. On the one hand their 
disintegrations along unstable manifolds are absolutely continuous with respect to 
the Lebesgue measures on these manifolds. On the other hand, and at least for the 
hyperbolic case, SRB measures are expected to be physical measures, i.e., their sets 
of generic points have positive Lebesgue measure on the manifold (see e.g. [ 22 ] for 
a survey). 


Since Sinai, Ruelle and Bowen, it has remained a challenge to export the SRB the¬ 
ory to other dynamical systems presenting a weaker form of hyperbolicity. Among 
them, the Lorenz-like attractors represent one of the most famous families. First 
introduced by Lorenz in jT5], this class has several typical properties of chaotic dy¬ 
namics: it is robust in the G 1 -topology, every ergodic invariant measure is hyperbolic 
(see Lemma IA. 1[) but the attractors themselves are not hyperbolic. 
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For the 3-dimensional case, Guckenheimer was inspired by the example introduced 
by Lorenz to define in [5J the notion of geometric Lorenz attractor. He asked about 
the existence of SRB measures for these attractors. In mi. Morales Pacifico and 
Pujals used the notion of singular hyperbolicity to characterize more general Lorenz- 
like dynamics. In [1J, Araujo-Pacifico-Pujals-Viana proved the existence and the 
uniqueness of SRB measures for three-dimensional singular hyperbolic attractors. 
We also mention other related works: ^ 1121 - 

Higher-dimensional singular hyperbolic attractors have been defined in [27] and [TE] , 
It was thus a natural question to investigate the existence and the uniqueness of the 
SRB measure for these attractors. In this paper we actually prove the existence and 
the uniqueness of such a measure. 

We emphasize that the method from [Tj cannot be adapted to the higher dimen¬ 
sional case. Indeed, their main idea is to construct a sequence of cross-sections and 
consider the return maps among these sections. Then, they quotient the dynamics 
to piecewise expanding maps of intervals and use the existence of absolutely con¬ 
tinuous invariant measures for these maps. That idea cannot be directly adapted 
to the higher-dimensional case for the following two reasons. On the one hand, it 
is much more difficult to construct cross sections, and on the other hand, the exis¬ 
tence of the absolutely continuous invariant measure for general higher-dimensional 
piecewise expanding maps may fail (see mm)- 

Our strategy is different. We show here that basic properties of thermodynamical 
formalism allow one to show the existence and the uniqueness of SRB measures. 
Actually, a close strategy has already been investigated in [7] where Cowieson and 
Young obtained SRB measures by using the Pesin entropy formula for diffeomor- 
phisrns beyond uniform hyperbolicity. 

After we had posted the paper on ArXiV, we had some communication with M. 
Viana, and learnt that he and J. Yang had a work in progress on that topic. We 
were not aware on that work, which did not exist as a preprint but as a recorded 
talk (see [2S]). We agreed with them to mention this video. In our mind, the fact 
that we independently got similar ideas emphasizes how natural this strategy is. 

Finally, we want to emphasize that our strategy deeply uses the absolute continuity 
of the strong stable foliation, which has been a very important research tool for 

years (see USD- 


1.2. Settings and the statement of the result. Let X be a vector field on a 

d-dimensional manifold M, and ipt be the flow generated by A". We recall that a 
compact invariant set A is called a topological attractor if 

• there is an open neighborhood U of A such that n t >o(ft(U) = A, 

• A is transitive, i.e., there is a point x G A with a dense forward-orbit. 
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A compact invariant set A is called a singular hyperbolic attractor (see [16, 27]) if it is 
a topological attractor, with at least one singularity a, which means that a satisfies 
X(cr) = 0. Moreover, there is a continuous invariant splitting T\M = E ss © F cu of 
together with constants C > 0 and A > 0 such that 

• Domination: for any x G A and any t > 0, ||D^| S ss( a; )|| ||D^_ t | i ?c«( ¥ , t ( x ))|| < 
Ce~ xt . 

• Contraction: for any x G A and any t > 0, ||D^|e SS ( x )|| < Ce~ xt . 

• Sectional expansion: for any x, F cu (x ) contains two non-collinear vectors, 
and any t > 0, for every pair of non-collinear vectors v and w in F cu (x), 

| det D<£t| span<V)W> | Y Ce 

We emphasize that one of the difficulties to study these attractors is that the sin¬ 
gularity may belong to the attractor and may be accumulated by recurrent regular 
orbits. Since the uniformly hyperbolic case has already been well-understood since 
[3], we assume that the attractor does contain a singularity. 

We recall that entropy for a flow is defined as being the entropy of the time-1 map 
/ := <Pi- 

Definition 1.1. An invariant measure for the flow is said to be an SRB measure if 
it is an SRB measure for the time-one map f of the flow, that is: 

(1) it has a positive Lyapunov exponent almost everywhere, 

(2) the conditional measures on unstable manifolds are absolutely continuous 
w.r.t. Lebesgue measures on unstable manifolds. 


We refer the reader to the survey [26] on SRB measures for more details. Ledrappier- 
Young pbl] proved that // is an SRB measure if and only if // has a positive Lyapunov 
exponent almost everywhere and the entropy of /i is the integration of the sum of 
all positive Lyapunov exponents. 

The equality is called the Pesin entropy formula and is the heart of our strategy. 
The goal of this paper is to prove the following theorem. 

Theorem 1. Let A be a singular hyperbolic attractor of a C 2 vector field X of any 
manifold M of any dimension. Then there is a unique SRB measure p supported on 
A. Moreover p is ergodic and physical. 

1.3. Thermodynamical formalism. The main idea of the proof of the theorem 
is to use the thermodynamical formalism. We refer the reader to [23] for general 
results on this topic. 
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We recall that if if : A —> R is a continuous function, an invariant probability 
measure // is said to be an equilibrium state for if if it satisfies 


huif) + 


if dp = 


sup 

v ergodic, suppz/CA 


K /(/) + 


ifdv > =: P(^). 


V{if) is called the pressure for the potential 'if. We recall that it also satisfies 


V(if) = lim lim sup — sup < e s nW( x ) ^ e — maximal (n, e)-separated set in A 

e ~‘^ n—>+oo I 

I xe£n, e 

= lim lim sup — inf < e s nM( x ) ^ £ ne = minimal (n, el-spanning set in A 

£ —‘^0 n—>+oo ^ I c 

I xe£n,e 

where S^if) = if + ... + if ° / n_1 . Recall that x,y G M are (n, e)-close if 
d(f l (x), f l (y)) < e for any 0 < i < n — l] x and y are (n,e)-separated if 30 < 
k < n — 1, d(f k (x), f k (y)) > e. A (n, e)-ball at x is the set of all points that are 
(n, e)-close to x. A finite subset V of A is called (n, c)-sparming if any point of A is 
contained in a (n,e )-ball of some point in T. 

J. Yang (see [Ml. Theorem A]) proved that the time-one map / is entropy expansive 
on the singular hyperbolic attractor A. This yields the upper semi-continuity for 
the metric entropy in the weak star topology and it is well known that it implies: 

Lemma 1.2. Every continuous function if on A has an equilibrium state fi supported 
on A. 



Denote by J cu the Jacobian for / restricted to the F cu direction, i.e., J cu = 
detD/i^™. We also set V := — log|J c “|. It is a continuous function. Thus, by 
Lemma D there exists at least one equilibrium state for V. Our goal is to show 
that this equilibrium state is unique and is the SRB measure. 


1.4. Plan of the proof. The paper proceeds as follows. In Section [2] we prove 
V(V) = 0. This shows that any equilibrium state for V = — log|J c “| satisfies the 
Pesin entropy formula, and therefore, such an equilibrium state is an SRB measure 
if and only if it admits a positive Lyapunov exponent (by [15)- Then, we prove that 
an equilibrium state for V has one positive Lyapunov exponent. 

In Section 0 we prove that any SRB measure is physical and then deduce the unique¬ 
ness from transitivity. 

In Appendix [A] we recall several classical properties and state precisely some defi¬ 
nitions such as those of strong stable manifolds, the Oseledets splitting of invariant 
measures, the absolutely continuity, etc. 
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2. The Existence of ergodic SRB measures 


In this section we prove that V(V) = 0. As we said above, a standard argument will 
imply that any equilibrium state for V, is an SRB measure. 

2.1. Upper bound for V(V). 

Lemma 2.1. V(V) < 0. Moreover, if V(V) = 0 then, there exists an ergodic 
measure which satisfies the Pesin entropy formula and is an equilibrium state for V. 

Proof. We remind the reader that V(x) = — log | J cu fx)\. We prove the lemma by 
the following steps. Let fi be an ergodic invariant probability measure. 

• If fi is concentrated on a singularity, by the definition of sectional expansion, we 
have f V dp < 0 and h^(f) = 0. Then 



• If p is not concentrated on a singularity, by Lemma IA.1I , we have the following 
measurable Oseledets splitting 


e ss © (x) © e; . 



Note that — J V dp is the integral of the sum of all Lyapunov exponents along F cu . 


Among them, the Lyapunov exponent along the flow direction is zero and the others 
are positive. Therefore, the sum of positive Lyapunov exponents equals the sum of 
Lyapunov exponents along F cu ; i.e., 



where Y2 A+ is the sum of all positive Lyapunov exponents of //. By the Ruelle 
inequality, we have 



• Now we thus have 



The second statement in the Lemma now easily follows: if V(V) = 0, let fi be an 
equilibrium state for V (it exists due to Lemma fL2|) . Therefore V(V) = h^f) + 
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J V dp = 0 holds. Hence, h u (f ) + f V dv = 0 = V(V) holds for at least one ergodic 
component z/ of p (see [12, Th. 4.1.12 and Cor. 4.3.17]). Thus, v is ergodic, satisfies 
the Pesin entropy formula and is an equilibrium state for V. □ 


2.2. Lower bound for V(V). We follow and adapt the volume lemma from Bowen 
(see [U Section 4.B]) and its version from Qiu (see [19]). 

Proposition 2.2. Let A be the singular hyperbolic attractor with splitting T\M = 
E SS ®F CU . Then V(V) > 0. 


Proof. We use the characterization that we recalled just after the definition for 
pressure: 


ViV) = lim lim sup — inf < e s n{v)(x) g^^ _ m j n j ma ] t n A-spanning set in A 

e— n—H-oo ^ 




Let £ > 0 be fixed and consider a minimal (n, £)-spanning set £ n ,e = {£*}• Therefore 
U B n (£i,e) is an open neighborhood of A. 

Lemma 2.3. There is e 0 > 0 such that for any £ G (0,£ o ), there is m £ > 0 
independent of n such that any cover of A by (n,e)-balls has Lebesgue measure 
larger than m £ . 

Proof. First, we claim that A contains regular orbits. Indeed, if this does not hold, 
then A only consists on singularities and transitivity yields that A is a single singu¬ 
larity, say a. The bundle F cu is non-trivial and sectional expanding. Therefore the 
unstable space E u (cr) is non-trivial. Consequently, A = {a} cannot be an attractor. 

By [[241 Theorem A], the topological entropy on A is thus positive. By the vari¬ 
ational principle, there is an /-invariant ergodic measure p with positive metric 
entropy. Since p is non-trivial and supported on a singular hyperbolic attractor, p 
is hyperbolic as stated in Lemma IA.11 We can use Pesin theory for that measure 
and construct local unstable manifolds WjfJpx) for /i-almost every point x. 

One can choose a point x G A such that WJfJpjf) contains a disk for the topology of 
the embedded manifold IT// (x), and whose diameter for the metric of M is eq > 0. 
We denote this disk by D u (e i). Since A is a topological attractor, the unstable 
manifold of any point of A is contained in A. Thus, D cu (ei) := (J tg j_ ei £1 j ip t (D u (Ei)) 
is contained in A. This set has a Lebesgue measure of order g ee more j n 

Subsec. IA.2.31 about the metrics between the manifold M and sub-manifolds. 

Take £ is smaller than £\ and £a (which is the size of local strong stable manifolds 
from Subsection I A. 2D . All the points in D cu {e i) admit a stable local manifold Wf s . 
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Then, [J £>„(£,,£) contains the set 

U W “M’ 

y(ZD CU (ei) 


which has a Lebesgue measure of order £ dim£,ss 
stable foliation, see Subsec. IA.2.3]) . 


(using the absolute continuity of the 

□ 


We assume that £ is much smaller than this £q, where e is used to define minimal 
(n, e)-spanning sets. Since A is an attractor, the bundle E ss and the local strong 
stable foliation W^ c can be extended in a neighborhood of A (see [TB Theorem 5.5] 
and Subsec. IA.2I) . 

Define B cu (x,p ) as the balls of center x G A and radius p < £ o respectively in the 
local cw-plaque W™ c (x). Denote by 

B?(x,p) = {y : f\y) e B cu (f(x) lP ), VO < i < n - 1}. 


The metrics between M and local strong stable manifolds have uniform ratios ( see 
the property (D1-D3) in Subsec. IA.2.3D . More precisely, there is n > 1 such that 
for all £ small enough, 

(1) W s p J K (B cu (X, p/k )) C B(x, P) C W™(B cu (x, K P )). 


The continuity of Df and the continuity of F cu imply that there exists C £ > 0 such 
that for every x and y in A, 


( 2 ) 


d(x, y) < K£ 


,-Ce 


< 


J cu (x ) 


J cu {y) 


< e 


C e 


Note that by continuity of F cu , C £ —> 0 as e —> 0. 


Again, the absolute continuity of the stable foliation yields: 

m £ < J2 Leh (Bn(Zi,£))<J2 Leb ( W "s(Bn(Ci^£))) 

i i 

< C s (n.£) dimE8S . V f e s ^ x) dx 

< C s (K.£) dimESS .e nC * ^e 5 ” (y)te) Leb cu ( J B c “(/ n - 1 (^), K .e)) 

i 

< C s C^K.£)^ ES \e^Y J ^ Sn{ym) - 

i 

Where the second inequality (thus the constant C s ) comes from ([3j) (see Sub¬ 
sec. IA.2.3P and conformity of the Lebesgue measure. C cu is a uniform upper bound 
of the Lebesgue measure on B cu (x,p). 
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Taking ^ log in the last inequality, then taking lim sup n _^ +00 and then £ —* 0 we get 

V{V) > 0. 


□ 


2.3. Proof for the existence of ergodic SRB measures. The map / is C 2 , we 

can thus use the Pesin theory. By Lemma 11.21 V has an equilibrium state. By 
Proposition 12.21 V(V) > 0 and by Lemma 12.11 V(V) < 0. This yields V(V) = 0. 
Then, the second part of Lemma 12.11 yields the existence of an ergodic equilibrium 
state for V, p, which satishes: 

A(/) = £T 

The fact that F cu is sectional expanded and has dimension at least 2 implies that 
every ergodic measure has a positive Lyapunov exponent. So does p. 

Therefore, p is an SRB measure and the proof of the existence of ergodic SRB 
measures in Theorem [Q is complete. 


3. The SRB measure is unique and physical 


Almost all ergodic components of an SRB measure are also SRB measures (see [T3l 
Corollaire 4.10]). To get uniqueness for the SRB measure, it is thus sufficient to 
get uniqueness for ergodic SRB measures. The uniqueness will follow from the fact 
that the disintegration of an SRB measure for a C l+a diffeomorphism is more than 
absolutely continuous with respect to Leb“; it is actually equivalent to it. 

Lemma 3.1. Let p be an ergodic SRB measure for f = <pi. Let {p u } be its system 
of conditional measures with respect to any measurable partition subordinate to the 
unstable foliation. Then almost every p u is equivalent to Leb“. 


Proof. Remember (see Lemma lA.ljl that there exist two measurable subbundles 
E c = (A") and E'f defined /j-almost everywhere and invariant for the time-one map 
/ such that 

E ss © (X) © . 

= pcu 

Let £ be a partition subordinate to the (Pesin) unstable foliation W u of the time-one 
map /. From the remark in [TU Page 513], for /i-a.e. x, the density p x of p u on £(x) 
with respect to Leb“ satishes 


Px ( z ) t~t det -P/|^(/ fc (^)) 

Pxiv) k=0 detDf lE u(f~ k (y)) 

By the (non-uniformly) backward contraction property of the unstable manifold, the 
above quantity converges and is also bounded away from zero, uniformly in y and 
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z chosen in f(x). This shows that the density is a continuous function on f(x) and 
does not vanish. □ 


Let us now prove the uniqueness for the SRB measure and that it is physical. 
For the map / and the measure p, a point x is said to be forward / i-generic if 
1 /n o -> R as n ->• oo. 

Lemma 3.2. Let p be an ergodic SRB measure. Then there exists a non-empty 
open set U such that Lebesgue almost every point in U is forward p-generic. 

Proof. Since p is an SRB measure, we have that h^ + f V dp = 0. Thus p cannot be 
concentrated on a singularity (see the first part of the proof of Lemma 12.ip . Then 
it is hyperbolic for the flow ipt by Lemma IA.1I Let £ be any measurable partition 
subordinate to the unstable foliation (for p) and choose X\ forward /i-generic. We 
can assume that X\ is in the interior of £(xi). By Lemma [3.11 Leb“-a.e. every x in 
£(aq) is forward /i-generic. Clearly, if x is forward /i-generic, then for every t, (pt(x) 
is also forward /i-generic. Moreover, every y in W ss (x) is also forward /i-generic. 
Let us set 

u~ U M). 

tG]— e,e[, x££,(xi) 

By the hyperbolicity of p, £i is a (dim F cu — 1)-dimensional sub-manifold. Conse¬ 
quently, </?[_ E)E ](£(aq)) is a dim F cu - dimensional sub-manifold. Hence U is an open 
set by the invariance of domain theorem. By the absolute continuity of the strong 
stable foliation, Lebesgue almost every point in U is forward /i-generic. □ 

Remark 1. With almost the same proof of Lemma I3l2l we have the following result. 
If p is a hyperbolic SRB measure for a C 2 diffeomorphism / or a C 2 vector held X, 
if supp(/i) admits a partially hyperbolic splitting E ss © F satisfying that dim E ss 
is exactly the sum of the multiplicities of negative Lyapunov exponents of p, then 
there is a non-empty open set U in the manifold such that Lebesgue almost every 
point in U is forward /i-generic. 

We can now prove the uniqueness of the SRB measure. Assume that pi and p 2 are 
two different ergodic SRB measures. Let U\ and U 2 obtained from Lemma [3721 for p± 
and p 2 . Now, transitivity shows that for some T, ipr(U 2 ) D U\ is a non-empty open 
set. Lebesgue almost every point in this intersection is forward p\ and /^-generic, 
which shows that p\ = p 2 . 

Appendix A. Classical results on (partially) hyperbolicity 

A.l. Oseledets splitting for ergodic measures. For an ergodic invariant mea¬ 
sure p, denote by E^ the sub-bundle associated to all the negative Lyapunov expo¬ 
nents and Ef the sub-bundle associated to all the positive Lyapunov exponents. 
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An important property for singular hyperbolic attractors is that every invariant 
ergodic measure is hyperbolic in the following sense: 

Lemma A.l. If an ergodic measure /i is not supported on the set of singularities, 
then it is hyperbolic, i.e., Dcp t has exactly one zero Lyapunov exponent that is given 
by the vector field X. Moreover, A* = E ss , and F cu = ( X ) © Ef t . 


Sketch of the proof. Since /i is ergodic and is not supported on the set of singulari¬ 
ties, we have that almost every point x of /i is a non-singular point and recurrent. 
Thus, there is a sequence ( t n ) such that lirn^,*, t n = oo and Hindoo <p tn (x) = x. 
Consequently hm n _ >00 A(^ tn ( 2 :)) = X(x) 0. The Lyapunov exponent along X(x) 
is 


, 1, \Dy t X(x)\ , 1, \Dx> t X(x)\ , 1, \X(ip t (x))\ 

lim - log 1 2 AT = lim — log 1 AT = lim — log 1 , = 0 . 


t —»oo t 




IHOO tr 


|X(x)| 


IH OO tr 


|X(x)| 


Now we show that there is at most one zero Lyapunov exponent. Note that the 
non-zero vector that has zero Lyapunov exponent cannot be contained in E ss . Thus 
one can assume that it is contained in F cu . Assume by contradiction that there 
is a vector v G F cu (x ) \ (A" (re)), such that the Lyapunov exponent of v is zero. 
We consider the plane generated by A"(re) and v. The sectional expansion property 
implies that the area of this plane is expanded by Dip t . However, this contradicts 
to the fact that the two vectors A" ( x ) and v all have zero Lyapunov exponents. 

The above arguments also implies that E s = E ss , and F cu = (A) © E □ 


A.2. Local stable manifolds and central unstable plaques. 


A.2.1. Local stable manifolds. One can continuously extend the bundles E ss and 
F cu in a neighborhood U of A (see [8| Proposition 2.7]). Note that the extension of 
E ss can be made Df- invariant (see the proof of [8J Corollary 2. 80, but generally we 
do not know how to extend F cu to be an invariant bundle in U . We still denote the 
extended bundles by E ss and F cu . 

Then, since A is an attractor, one can construct a stable foliation in U. More 
precisely, there is £\ > 0 such that for any x G U , Wff is a local embedded sub¬ 
manifold of dimension dim E ss by [8J Theorem 4.3] and the proof of [HI Theorem 
4.1]. There are C 1 maps : E ss (x ) —>■ F cu (x ) that are C 1 close to the zero 


1 Note that y is ergodic and it is not supported on the set of singularities. Hence no singularity 
can be regular for y. 

2 The statment of [8] Corollary 2.8] does not give this statement directly. However, its proof 
applies. More precisely, we do not use the perturbation part of diffeomorphisms, we only use the 
part of the neighborhood; from the proof, we know that the dominated bundle (the weaker bundle) 
can be extended in a neighborhood in an invariant way for an attractor. 
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maps (on a compact neighborhood of the zero section) uniformly w.r.t. x and vary 
continuously w.r.t. x in the C l topology such that 

W**(x) = exp x (Graph(^ s )(£ A )) 

where Graph(^^ s )(e A ) = {(u, T^(u)) : v G E ss (x), ||n|| < £ A }. Note that C and A 
are the constants in the definition of the singular hyperbolicity. One can choose £ A 
such that every point y G Wff satisfies: 

d(<p t (x),ipt(y)) < 2Ce~ xt/2 , and < 2Ce~ xt/2 , Vt > 0. 

More generally, one can define Wf s (x) for every £ < £ A by taking the restricted 
graph. 

These (local) strong stable manifolds generate a (global) stable foliation in a neigh¬ 
borhood of A, 

W(x) :=(J 

t> 0 


A. 2 . 2 . cu-plaques. These are locally invariant center-unstable sub-manifolds (called 
plaques in m Theorem 5.5], or [8] Theorem 4.5]) Wfi£.(x) tangent to F cu (x ) and 
containing the image by exp^ of a disk of radius £ A . 

More precisely, for each point x, there are C 1 maps T™ : F cu (x ) —> E ss (x ) that are 
C 1 close to the zero maps (on a compact neighborhood of the zero section) uniformly 
w.r.t. x and vary continuously w.r.t. x in the C 1 topology such that 

WyM = ex Pl (Graph(<I<“)( EA )), 

where Graph(^™)(£ A ) = {(u, v h“(u)) : v G F cu (x), ||d|| < £ A }. 


A.2.3. Absolute continuity, local product structure and metrics for sub-manifolds. 
The stable foliation has the absolutely continuous property. Given y G Wff(x), any 
two transversals T, y at y and Y, x at x to the stable foliation, the stable foliation 
induces a holonomy map . When the vector held is C 2 , (hP x,1 " v )* Lebs^. is 

equivalent to Leby, y . Furthermore, the density function can be uniformly bounded 
when F x and E, y are tangent to the cone held Cj for a small, where at each point x 

Cf = {v G T X M : v = V s + v c , V s G E ss (x ), v c G F cu (x ), \v s \ < a\v c \}. 


One can see [18l Theorem 7.1] for the details of the absolute continuity of the stable 
foliation. Then, the absolute continuity yields for any measurable set A in a cu- 
plaque Wf^x), 

(3) Leb^. (x) (. 4) < Leb(W“(A)) < C,s^ E ~Leb^, {x) (A). 
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Roughly speaking, local stable manifolds and cu-plaques generate a local product 
structure with 

B(x,e) « W s e s {x) x W™(x), 

and absolutely continuity implies a local equivalence Leb ~ Leb s x s <g) Leb c x . 

There exists some universal constant k > 1 independent of x and £ such that for 
every small enough £ > 0, and for every x, 

(Dl) W^J k (B cu (x,£/k)) C B(x,e) C W^(B cu (x, ke)), 

(D2) for any y,z G W* s {x), we have d,M(y,z)/K < d ss (y,z ) < ndM(y,z), where 
d ss is the metric on W**(x) and </m is the metric on M, 

(D3) for any y,z G W^ u (x), we have dM(y,z)/n < d cu (y,z ) < K,du(y,z), where 
d cu is the metric on W™{x) and dM is the metric on M. 

These properties are referred as the uniform control between the metric of M and 
the metrics of its sub-manifolds. 
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